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PART ONE

THEORY OF PARTICLES

WITH ARBITRARY SPIN



1b
I. INTRODUCTION

The history of relativistic wave equations began in 1926 when the
Klein-Gordon equation, the first relativistic wave eqﬁation, was proposed
independently by several authors. ‘ This equation is derived by making the v
operator substitutions E-® I.‘v\?'t )-?.-0 ﬂ'.'\‘\ V in the relativistic

relation between the energy and momentum for a free particle,

E2=c2P? +mic?, W
so that
2 )% .
- %%("’: (-%%c*v2 +mice ) oo )

Here X“*(f-)'ﬂ, M is the mass of the particle and C the velocity of
light in vacuum. The amplitude 4)'(:) is a one-component scalar quantity

which, under an inhomogeneous proper Lorentz transformation

]
Xu = Quy Xv + \).« ) G)
transforms according to

= O . @

To give a physical interpretation to 47()&\ one mighi: try to define a

density and a current so that a continuity equation holds between them



in analogy with non-relativistic theory. The density to which one is led

is

L4 c c |
P=ame (TR -, ®)

where the superscript € indicates complex conjugate. It is clear that
f’ assumes negative as well as positive values because %?% can have
the opposite sign from ¢ . Thus it is difficult to think of e as a
conventional probability denéify.

In 1928 while trying to overcome these difficulties with the inter-
pretation of the Klein-Gordon theory;Diréc (1) discovered the relativis-_
tic equation which now bears his name. ‘The reasoning involved in the
discovery of the Dirac equation is as follows:

1. To prevent the occurrence of‘negative probability densities

fhe differential equation must be first ordéf in time &eriQatives.
This gives densities of the form ¢c¢ which are positive defi-
nite.

2. Relativistic covariance implies that,ﬁhere be symmetry in the
treatment of the space and time derivatives. Therefore,only
first-order spatial derivatives are considered.

I_ 3. Linearity is required so that the superposition principle of
quantum mechanics holds.

4. The wave function must satisfy the Klein-GordQn equation since

it implies the relativistic energy momentum relationship for a

free particle.



These considerations lead to the equation
| S me YA = 0 ‘
(Buzx, + G ) Y=o, (®)

where repeated indices are summed and Greek indices run from one to fouf.
The Dirac matrices, B» s are 4 X 4 numerical matrices which satisfy the

anti-commutation rules
KM’&‘--\-X‘«O;;:ZSMY. @))

Any set of four matrices which satisfy Equation 7 is a possible set of
Dirac matrices. The Dirac equation describes a free particle with mass
™ and spin one-halff The wave function "’ (X) is a fou'r-component
quantity which transforms like an elementary spihor with respect to in-
homogeneous proper Lorentz transformations. Equation 6 can also be
written in the form of two spinor differeqtigl equations connecting the

elementary spiﬁors Xp and q& (the indices ranging from 1 to 2)

dag Q%= i mexy | (82)
% -1 n O
*° XAy "%%Q . (8b)

- The spinor differential operator 30.‘ is related to ordinary differen-

tiation by



It = 3y "' dxae? - (9a)
-
3 = -\ .
\2 3)‘\ BXI. ) . (9b)
P YRR -
i =3k, T XD
(9¢)
s a 1 % i
ST e (99)

where X4=zicX .

The success of the Dirac equation for spin one-half makes it plausi-
ble to generalize the spinor differential equations to equations for
arbitrary spin. This was done by Dirac (2) and Fierz and Pauli (3, 4).
They wrote Lorentz covariant f_irst-brder differential equations i:elating
two independent spinors each with R-\-‘Q-\-\ indices:

aq‘....q‘: . Q\ ..... QQ
o wC .
éa“ QS\ ® s 0 b.‘ = . r x$s| ""s‘ ) (103.)

.aq, --- Qe

. Qy----.0q :
" =i A ke - am

3' X‘SV‘"“R -

All the spinor components satisfy the Klein-Gordon ‘equation and the
equations describe particles with tﬁaximum spin Q= i- (\“Q“) . The

symmetry of the spinors limits the equations to a single spin.



Equation 6 is a useful form for the spin one-half equations and
suggests that the spinor equations for higher spins be rewritten in the
form of a first-order matrix differential equation. Kemmer (5) did this

for spin zero and spin one, the equation being

(ﬂu %M * "";:e )'1’0‘\ =0 . (11)

The (5;4 are the Duffin-Kemmer matrices (6). They satisfy the algebra-

ic relations:

Ba O Ba + Ba Br Bu = QMSYA x OaSvm, (12)

The c»“ have two irreducible representations, five-dimensional for
. 8pin zero and ten-dimensionél for épin one. This means that the wave
functibn solutions have five and. ten components respectively for the two
cases. The Kemmer equations are special cases of the general. type pro-
posed by Bhabha (7) for’arbitréry spin. The Bhabha equations have the
same form as Equation 11 but with the G»u chosen properly for each spin.
Ihese equations are equivalent to the Dirac-Fierz-Pauli eqdations.
Apothgr general scheme for describing relativistic free particles
is the helicity reprgéentation of Jacob and Wick (8). This representa-
tion was introduced to faciliﬁate the analysis of binary reactions in-.
volving particies with arbitrary spin and does not involve.the explicit
writing of a wave equation or the explicit form of the state functionms.

Foldy and Wbuthuysen (9) by the unitary transformation which bears



their name were able to rewrite the Dirac equation in a form suitable for
taking the non-relativistic limit. Using the Hamiltonian form proposed
by Taketani and Saicata (10), Case (11) showed that thg Klein-Gordon and
spin one Dirac-Fieré-Pauli theory could be written in the Foldy-Wouthuysen
form. This led Foldy (12) to propose a relativistic wave equation for

arbitrary spin of the form

wEQuw = ik Ww (13)

where W=Ywmz m* v:' and @ isa 2x(2A+) rank square
matrix which is the generalization to arbitrary épin of the 7‘4- matrix
of spin one-half éheoryt A similar equation has begn recently proposed
by Guth (13) but in a more obviously covairant form.

Recently the Foldy-Wouthuysen transformatlon for spin one-half has
‘been interpreted (14, 15) as the Lorentz transformation to the rest system
of the particle. The Foldy-Wouthuysen transforms of the laboratory system
Hamiltoniaﬁ and polarization operators are thus to.be interpreted as the
operators Lorentz transformed to the_reét system. In the rest system

. , - A
these spin one-half operators are (b and (5%.2 where (3 is 84- ,

%

@ 1is an arbitrary unit vector, and S are the Pauli matrices. This
_in:erpretation of the Foldy-Wouthuysen transformation, generalized to
arbitrary_spin, is used in this thesis to coﬁstruct a theory of particleq
with mass and arbitrary spin. |

The theory proposed in this thesis is therefore derived from two

postulates:



1. Rest system energy and polarization operators exist for all
spins with a form analogous to those for spin one-half. Thatu
is; for arbitrary spin the res: system energy and polarization
operators are (5 and (bgoé where P is the generaliza-
tion of ’64 and g is a 2% C2A4%') rank matrix with the
spin matrices !Zi along the diagonal and zeros elsewhere.

2. Laboratory system spinors and laboratory system operators can
be constructed from the rest system operators by a generaliza-
tion of the spin one-half Lorentz transformation out of tﬁe rest

system.

As a result of these‘poétulates laboratory Hamiltonians and polari-
zation operators can be calculated for all spins as well as the 3)5(24&\).
component plane wave eigenstates. The other displaéement opefagors such
as thé momentum and angular momentum are also specified‘fﬁr arbitrary
spin. Thus a completeAHamiltoﬁian type relativistic theory for particles
of arbitrary spin is obtained.

An interesting feature of the theory is that it goes continuously
over to the massless particle theory of Hammer and Good (16) which con-
tains the two-component neutrino tﬁeory'and the photon as well as all
higher spins. Another feature is thét the spin zero and spin one labora-
tory Haﬁiltonians are different from those proposed by Taketani and
Sakata (10). It is therefore possible that interactions wili appear in

this theory in a manner different from previous proposals.



 II. FORMULATION OF THE THEORY
A. . Construction of Spinors

Any description of a particle and antiparticle with integer or
half-integer spin _4 and mass requires QAXCA4+1) independent
functions, 3A+\ spinv projections for both particle and antiparti-
cle. Postulate one of the arbitrary spin theory vis that ‘3 and (5 §€
are the rest system energy and polarization operators. Thus, the

axCaAu) independent rest system functions are the eigenfunctions

Jf (_e\ of the matrix equations

€™MA
o2 o . (14a)
A\’oe =et@d ,
é ™A T SMa, o
- A ..o
B S = M Ted) (14b)
e‘mA &e™MAa
where
= (O | |
3= (, o)y . .(15a)
2_ /A o0 | (15b)
| S= ( oxal’

-9

each submatrix being a SA+1 rank square matrix. The operators A

are Hermi.t:ign spin matrices for spin .A and €=%| for particles/

antiparticles. The eigenfunctions can be written as



A
o UCEE)
&= ‘E‘-\. Ma. (16a)
€™M
where
A a 3
NS e) = W(e) (16b)
A-€ Uk) =emUig)

and WAH S —A ANy - - oo ) A=t ) 4 The superscript' o

on a quantity refers to the rest system value of the quantity. The

completeness of the /T"(é) is expressed by

ea

e\zm Kt‘:cél)o; (toffiz): = Sab - ase)

The rest "system wave equation from whic_h Eqﬁation 1l4a follows is

o (<]
(x°) =1 ) (x%) 17

where ) . o
R on - eml
Roo) =4e) e
CMA  Ewma, .
(18)
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The units used here and subsequently are ¥\=C = ‘\ .

S(xo
The laboratory system eigenfunctions are obtained from & (x0)

€M,
by using postulate two. To see this consider the laboratory system in
a state of definite energy E DO and momentum i . The special

Lorentz transformation between the rest and laboratory coordinate systems

is then (17)
XM = Que Xr° ) (19)

where Kaa ~ (,‘{)i\-‘} ,- and

agy= Sigr B

" (Erm) : (20a)
(20b)

(20c)

The corresponding wave function transformation is by postulate two
A - ,
_ g ot 0akamin Ve
; - ) [
TCX) =€ T =) (21)

e, . Evma.

for all spins in analogy with the spin one-half case, where



11

o - )
A - (22a)
Xs= (o ) . (22b)
~(emt°
The exponential factor @ is a Lorentz scalar whose labora-
' LEYMXM )
tory system value is e where %4.‘.-1. € . It is convenient

to rewrite this exponential factor and the transformation operator of

-0
Equation 21 in terms of ¥ the eigenvalue of -;‘,’3 :

LY L '
%ot MM\%./E &P WP/E'
e = e = NCe®) | (330

e = o ‘ (23b.)

Note that % is the eigenvalue of %' (~{V7)  where ?5‘:‘:‘.‘?& )
so i‘—‘é-‘; . This is the generali.zatic_m to arbitrary spin of the
electroh-posifron interpretation of the solution of the Dirac.equatio,n.
That is, for the free Dirac particle, as an alternative to Dirac's hole
theory, one may interpret the four solutions. of the Dirac equation as
actually describing electrons and positrons instead of electrons alone.

The observable, and therefore physical, momentum and energy are then
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I}l and .\".:.* \ ? . Thus the positron has the energy -¥ and momentum
_'é . In the generalization to arbitrary spin the particle has the
same physical assignments as the electron and the antiparticle the same
physical assignments as the positron.

The most general state of the laboratory system is given by a super-

position of the plane wave eigenstates,

- . { (PX-c€Y})

\N My, é\\‘\ﬁ, R

-p
-\
The factor E is included because "é" .is a Lorentz scalar. The in-

clusion of the factor V‘\" will be shown later to make the theory go
continuously to tﬁe correct massless limit. For larger powers of W the
functions & g0 to zero as wm goes to zefo, and for smaller powers of ™
the function /T goes to infinity as ww goes to zero. Notice that

ITQ,,\ can be written as

A %
Bonz=w w’ N® Qo (25)

where /\(M is the operator generalization of A‘Eﬁ formed by re-

placing '§ with ={¥ and € with ?"/\P.\ , and

L (P %-éet)
Qo= Cn/; & £ AR Yd o (26)

é\“‘.p e a e\m, .
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Since q?CrJ contains only the column matrices )T‘CQ‘ » it follows
from Equation l4a that C?(x) satisfies Equation 13. Also, as will be
shown later (See Chapter IV), Q(ﬂ has the Lorentz transformation prop-

erties discussed by Foldy (12) and so is the Foldy wave function.

B. Covariance of the Theory

The theory defined by the two postulates of the previous.section
will be shown to Be covariant. This is a necessary requirement since all
physical theories should have the same form in coordinate systems related
by proper Lorentz transformations. This means that if ff(l)Satisfies

Equation 24, then the Lorentz transformed laboratory system function

jif(xo is

() 1)
'T."‘""(_m & 2 AC?) I\Cev')‘\'@)g@z €'t (27)
WMy,
fdr the theory to be covariant. The function ffi&) is a spinor witﬁ
respect to proper Loféntz transformations between.laboratory'systemé.
This will Beuverified by demonstrating the covariance using spinor
~“transformation rules for 4&3;) . The special Lorentz transformation

between laboratory systems with relative velocity <7 is (17)
Y ‘Qaay Xv ’ , (28a)

where
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)

aij= Cej + (%) WY
V2

(28b)
Gia= - 04 = LYV R
(28c)
aﬂ= x )
(284)
-\ _
2 . .
and s6‘3'-(\-\(‘) . The corresponding spinor transformation is
(=
(] -
)= e T, (29)
-l
where. ’C is an imaginary vector defined by
- 3
"C: vV Oadlon V . - (30)

A
Equation 21 is a special case of Equation 29 with FE’-"‘:§WP/E .

~For the pure rotation
] ' ” .
XM et b‘\V XV) X . (31a)

where
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. - - A * -
by < Sc& wel + €3k Va b X 4 T '{"a G-y, amw)

31
big= \:q\; =0 )

aa =1 , (314)

the spinor transformation rule is

| . t,%g o '
T(X')’ e }‘r(x) y (32)

- . .
where ‘?7 is real. The transformation is an angular displacement in
A
.the right-handed sense about 7 through amgle % (7% 7‘: RO "(‘_-)

Equations 29 and 32 can be written as

The product of two successive transformations is again a transformation

with the form of Equation 33. That is,
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a2 (Teh nah
e o e o e
< - . -.C - o
L A'A LTS'A = -c . 4 .

Equation 34 is proved by a theorm of Hansdorff (18) which states that

L
Ao A S+ 7' Lol s \'%.Y-A:U\s%l.]_-» .-

Ce =¢ (35)

where the higher order terms in the series depend only on successive

higher order commutators. The commutation rules for all spins are

[y teijnan . ' oG8

Thus each term in Equation 35 with o A= cﬁ_?“'z (A"'i%.’:'j‘\ and
D= i T A (&= ;C‘nc’:&) is linear in Aw and the terms can
be summed to give i?&g-/-.\', (L?A%-Z_) .
' Aé a conséquence of Equation 34, ‘every Lorentz transformation con-
tinuous with the identity can be generated by the two types discussed
in the previous paragraph. It is therefore sufficient to prove covariance
separately for the pure rotations and special Lorent;z transformations.

For pure rotations, Equation 32 becomes
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.z T2 == (Pw-efd)
g -it.s.¢xs
T S \E 2 A® A e 1 e
< IR o
Cm™ IE (w, Ge S N Te(?wo.
-t R - -
’CS - -L"c,s LTS oA
The evaluation of @ /\(&P)E and @ *6 El follows
]
from the identity
AT &S
e Sg, e = Ack Sw ) - (38)

which is proved in Appendix I.

It is easy to see using Equation 38
that

-—_A. = !
e 3. =3%, (9

whefe éli. = \oca éé

Since the matrix @

commutes with
S the result of a rotation on Até %n is
\

1S .
t O_A-\ DSG\NA
e 'T e

)
Gma — © Are(s'g,ﬁ. !

(40)
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- ST
where Séaﬂ,n. is real. The rotated functions @ A‘;&s‘. can also
o A
be written in terms of the complete set of functions 'TCQ) accord-
€\wmy
ing to
ks
e "l’ c;-\ = 2. "\‘Ces Dm , | (41)
where
A-o 0“ \.T s
DA =¥ e 4% (42)
VA G\W‘A €My '

are the usual matrix elements (19) for finite rotations. The super-

script W indicates Hermitian conjugate. Also from Equation 38

NG ) (43)

because N\ (eP) is a polynomial in P & (see Appendix II). Sub-

stituting Equations 41 and 43 into Equation 37 gives

AE‘( ) me X; s A . /\ LR R-eB)
= —y S ( \ G?‘)D
(M2 € g " MW A";ﬁs‘l < -
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A change of integration variable can now be made so that ‘A-P‘:ﬁ ,
al - - - .
€/2€ and P X' =P.X . Comparison to Equation 27 demonstrates
the covariance of 'f(%\ and give the transformation rule for the ex-

pansion coefficients

AGY - £ O A® . “

Giwa ™A MaMa 6Ma

For pure special Lorentz transformations, Equation 29 becomes

-

. . A " )
—~ i {P-X-eeY)  (46)
¥ 2 A® e
,XCN um"/z =3 6\\MA_A \m‘c /\(ep)’r% .
As proved in Appendix I,
e (e S

ct N (€®) = ING TS “n

-l

where T is given by Equation 30. The parameter ﬁ(’R specifies a
particular pure rotation with the axis of rotation in the direction of

e? XV  and with magnitude

3 RV 'l S
o= ZM(KH\(%&\) Bzi"' (48)
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A change of integration variable parallel to the coordinate transforma-

- -
[ ]
tion can be made using the identities % = %

With Equation 47 substituted, Equation 46 for ’E.(x') then becomes

and  PuXa= PuXa .

s CERNep'w) 9)

’f(x‘)- -—* gd? 2 AG) Ned)e "'(e) < .
Cﬂn A e, ™a

Again the expansion in Equation 41 is substituted and the covariance is

demonstrated with

/\(?‘) =Z Bg'cn) f\m ) (50)

,W\ A M, m‘“ € Ma,

The reflection p'roperties' of the theory must also be considered.

With respect to the space reflection
e = =Xi X4 = X4 , ' (51a)

and the time reflection

. .
X=X yXa=-Xe, - .(51b)

the transformation of the spinor éoinponent:s is
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B2 As \ < Y‘ (52a)

T'Cx')-- N+ {C'f(.mlc) | e

with

(53a)

Ne= i (b,
Ar=tse, o em

in analogy with the spin one-half theory. The matrix XS is defined by

-l o |
1.5: 0\)) . | (54)

each submatrix being QA¥l dimensional. In the representation of the
spin matrices

(AJMA*\

(55a)

'
g = (A0 w1 = 3 \a- waXAa ] ®

. L .
(AL “‘A'."!“AF - (A M My = AL \(A‘“‘A)W“‘AN;\ t y (5§b)
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(J\-ﬂu«mm‘_ = WMa,, | (55¢)

the charge conjugation matrix (: is defined by

O WU |
C= (—“ o/ (56)_

where

A-a (57)
u‘“m‘" =) SNA\‘“‘A .

This definition is discussed in Appendix III. The matrix \A has the

propérties

U uw'=-AC, | (582)
w. ! (58b) -
W' W . | |
and
u-\= t u , (58C)

where *  applies to bosons/fermions.
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Consequently C 1is real and unitary and

csSc'=-3S c‘ - (59a)
— -3 —— '
CIC'= =€, (59b)

Cpc=- (3. (59¢)

To verify that the transformation rules give covariance,one starts with

the plane wave expansion'

"E(x' wh ‘E 3 I\(?) Nsyr C Nes) C.‘ Ns'.-r

(] “\ € a™Ma ™A

-d\’-x -¢€Y)
" /\s,‘t C,‘\’ (e

G W‘A. _ | (60)

From the properties of the matrices it is easy to see that
< -y "' " :
Nox CAEBIC N7 = Needy (61)

and that
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e y
MR -« T -

-@) M‘_

;Vu"
MA@ ¢ F

wA 62b
S\*a §)~Mpy (62b)

-

where ﬂ.‘ and (“A— are phase factors. For the space reflection

substitution of Equations 61 and 62a into 60 gives

Me | A (PI-eE1)
V)= A() - (63)
Wiy = c.z‘n'%-x T Z, ? /\( %) e 'T'@) e |

-QW ‘A ®

Letting &-» & and substituting for X from Equation 5la demon-
strates the covariance with respect to the spacé reflection. The trans-

formation rule for the AM. is found to be

1'%
A® ze ACH . | (64)

€wn - 61““A

Similarly Ji () covariant with respect to the time reflection with

the NL transforming according to
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AP -e A‘c 3 . (65)

EMa €=My

The theory is also charge conjugate. The spinor transformation rule

is

e COER R (%Y A (66)

and the properties of C_ lead to

M
c_*\’@ _ef).{l .8 67)
e, ‘M b '

where Me is a phase factor. The covariance is demoﬁstrated similar to

the procedure for the reflections and the resulting transformation of the

A“" is

‘-Me
P\("’ = e AP

(68)
‘M" it 112 '
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III. CONSTRUCTION OF LABORATORY SYSTEM OPERATORS
A. Relation Between Lorentz and Foldy-Wouthuysen Transformation

The unitary Foldy-Wouthuysen operator for spin one-half (9) is well-

known to be
> .
CExm-2P.-a@

= . (69)
'ng L2€ (E‘nu)]’i |

Bollini and Giambiagi (14) and Good and Rose (15) have shown that Sew
corresponds to the spin one-half Lorentz transformation from the labora-
tory to the rest system together with a factor which preserves the norm
of the w#ve function. To show this, consider the spinor Lorentz trans-
formation out of the rest system, Equation 23a. For spin one-haif the

exponential expands to give (see Appendix II)

(70)

A = Cam+2¢P- I
2 Cawm (Bam) 1 °

Consider /\é‘a’ operating on a spin one-half rest system function.
The index & commutes with P-:t so it can be moved to the right

and then replaced by @ according to Eqﬁation l4a. Thus,

/\,,GP) ’f(xo) LEywm 12 LJ"]‘,’.(;O)

6w, 12w (mawgl4 €W
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- [E+m+z$-&‘(&] ,t, ‘
I : (xe
Cam(Ewml2 ‘e,

= BP0
2

e,
-y °
- (E \2 (71)
- - Cgo) )
where‘
£(P) = Esme2P3p (72)
2 (2m(Etm) |2

. ’ -l
Next consider a laboratory system function, Equation 21, and /\_zgeh

which is

/‘\‘ge“ﬂ : E+m-2€0o : ' (73)
2 [2mCEwmlR

Performing a.similar substitution one gets
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/\cev’ By = LE +mo2P 36 ] P
em, [(2m(EsmI]E “ama

_(e+m-203 o | .
- X

Cam (Eawr 1% “em,

@) (x)
z Tem ) | (74)

where H/IN'\ is the Dirac laboratory system sign opéfator

u L 283+ wmp -
/m\" € . (75)

Hence,

/\';ge?) Ty = 2 LE4w -2B 0]
z (A N )
% Cam(S+mi]2 Tewm,

= (M\ S:w'i'(’“ | | - (76)

é\A,

Thus, to relate the Lorentz transformation out of the rest system to the



29

Foldy-Wouthuysen transformation, Fi.(?) » replace & > which commutes
with all operators, by the rest system sign operator (3 which does not
commute with all operators. Similarly, to relate the Lorentz transfor-
mation to the rest system to the inverse Foldy-Wouthuysen operator,

F_‘_(P) » replace ¢ by AHI .

[ ,

The spin-one spinor Lorentz transformation out of the rest system

may be related to a spin one Foldy-Wouthuysen operator E(?’ in a

similar way. The spin one Lorentz transformation out of the rest system

is (see Appendix II)
i/\(C- j- (-—-- \(P‘q) 'eg. \
(eP) = E| | * S 2 (77)

One can replace € in /\(63) by whenv it is operating on a spin
\ .

one rest system eigenfunction so that

N e = [Endaradae vt

e\my,

- (G G ar B3 6 0] T

w €,y

F‘C‘;\ 'fool

ewgp, ! : (78)
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where

| R®r= (%-\ ) (.é-;'c)‘ x g-&‘ @+ (79)

is defined as the spin one Foldy-Wouthuysen operator. Next consider a
-1
spin one laboratory system function, Equation 21, and /\fGF) which

is

-\ — A
Ned) = (E-1)(R®S) - eBg 41 . (80)
wA . .

Following the spin one-half procedure,

-l - A - oy
AP0 =[(E-0Far-B e v]Ew
A .

€M,

| .
= (B-0EaF-BF % ] T
| Cwy

-y

=F®) ¥ w

where ‘7”:,\ is to be interpreted as the laboratory system sign operator

-1
for spin one. That F‘(";) is indeed the matrix inverse of F'(ﬁ) is
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true because F\ and F\-‘ were constructed by operating on a complete
set of functions.

The construction of Foldy-Wouthuysen operators FASF) from the
Lorentz transformation out of the rest system can be continued for all
higher spins using the same formal procedure.

To find t:he explicit form of FA?F) for arbitrary spin, one needs
the form of ‘}im - The procedure for calculating "}"m will be given

in the next section.

B. Calculation of :im for Arbitrary Spin

To calculate %‘ \ for arbitrary spin consider the rest system sign

operator equation,

C’TEX‘) = eﬁ"(,@) ; | o (82)

G\MA e\W\A

and operate from the left with ,\gés) . This gives

- ° ' (83)
NP ) Nee®) P = € [\(63)‘f(x°) .
Since Aﬁ";)‘ie(‘xh:l is a laboratory system eigenfunction,

N -y
N\ j‘&") can be replaced in the equation by a( $) . similarly,

/\ A('éi;) operates on the rest system eigenfunctions and so can be
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replaced by F(F) . The equation then reads

- -\
FA(.P) (5 F®) “E(x) = e ’i(a) . | (84)

The index € refers to the sign of the energy in all coordinate systems
and ‘ﬁ:é:%‘ is the laboratory system eigenfunction. Therefore,
)
Fn(_?) QF&T’) is to be interpreted as the laboratory system sign operator

for arbitrary spin. That is,

K (85)

for all spins.

For spin one-half, Equation 85 is

(Bim42P-3p]  [mam-2PIRT] (86)
L w (E*V‘ﬂl’i‘ , E_M (g +w)1%E BT
H
Solving for /‘m gives
H =':zii;: ™ N
/\\-\\ ¢ ) (87)

m

the Dirac theory sign operator, which is the expected result for spin
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one-half.

For spin one, Equation 85 is

(&0 FarBFpule (Gdar-Eagal= B

This is again a matrix equation which can be solved for %%lil . The

result is

- -y
- 2EP &, (E2+PV)(3 - 2 (P-a)’]/ -
\}lm-{ + 3 C Afeapr (89
which is the spin one laboratory system sign operator. This operator
and the corresponding ones for higher spin have not been known previously.
1Y l

The operator Thi is Hermitian and ( IH\ =] ‘as required for the

sign operator. The spin one Hamiltonian is therefore

H @)= Ezwz[ze >~ (E'HP")(& -20 ('\5.5)“] . - (50)

Note that the laboratory functions 'ié:)\‘ are the unnofmalized eigen-
functions ofv W(®) . They are orthogonal for different values of €
since \\(P) is 'a Hermitian operator. When “q”| is substituted in

fr(Po , the result is
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@ = Y_(\_ME ‘EI-P')(ﬁ-a)‘-w'ﬁ&(& +E7-*P‘]/E;*pz, o

For spin one, a unitary operator similar to S;FuJ cannot be constructed.
One calculates Bﬁnl for arbitrary spin in the same way as for

spin one-half and spin one.

G. Calculation of the Laboratory System Values of Other Operators

-\
Once the operators F;_(?) and FA@) are constructed, the

laboratory system values of other operators of interest can be calculated.
In particular, the laboratory system polarization operator can be cal-
culated for arbitrary spin. The rest system polarization operator is,

from Equation 14b,

-

&2 032

This operator commutes with the rest system sign operator ¢ , this
property will be retained under the similarity transformation Ei;?) .
For spin one-half the calculated laboratory system polarization operator

is

Q
o
Mg >
i
28]
o
oy

7
74}
(4 T8

NF’1
-
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N>

2(3§- >

[2 qg -\-M?_(“l é&

o>

+2 Y (93)

as reported by Fradkin and Good (20).

'S
-y
This operator is 35'3 Bfﬂl
/\
2
when &. is in the direction of motion and 3(3 S ‘€L ywhen @
is perpendicular to the motion. |

For spin one, the calculated laboratory system polarization operator

is
= _ - - :\. -l
O@®-& = P EST B
- L 1 = 2 A -Av | A
g2p2] 262 (S-S B8 +2e(§-0<?s)1s X
-2 A2 ,& -1 -4
r(ME-E2PAS € (F.3) +(F-1Xeaae) (P gTe
(E‘f""‘&s% S€ 4 (Bupple |
(94)
A
This operator is not Hermitian.

"For é. in the direction of motion
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- _. -\ 2 (95)

Gn(\’) o rre ¢S - e s Sl ¥

5
whereas for &€  perpendicular to the motion
= - : _ L — A A
(P)-€4 = Eu‘,‘{cwE-Ez-vaspsfc‘L (®.s)°
c ) . z -2 - A
* (B -1)e2eed) (-SYasSe

- (ene¥s ES SE, (:mt)s%@}

| (96)

The laboratory system values of other operat‘ors can be constructed
in the same way for all spins. The procedure is, given the rest system

-] . .
operator BA- for spin 4 , the laboratory system operator %3) is

BP=R®RE®, o7)
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IV. INTEGRALS OF THE MOTION
A. Infinitesimal Generators of the Inhomogeneous Proper Lorentz Group

It is well-known classically that a free particle haé several in-
tegrals of the motion, thét is, certain physical quantities which are
\constants in time. These quantities are the energy, linear momentum,
~angular momentum, and the velocity of the center-of-energy (relativistic
generalization of the notion of center-of-mass). Quantum mechanically
one therefore expects that there exists certain operators, corresponding
to these physical quantities, whose expectation values are constants in
time and which.have the correct‘transformation properties with respect to
the inhomogene;us proper Lorentz group.

The term inhomogeneous proper‘Lorenfz group refers to the group
formed by fhe space and time translations and the continuous Lorentz
transformations. This is a ten-parameter group whose infinitesimal gen-
erators are: |

1. The generators of infinitesimal translations along the three

coordiﬁate axes, the momentum operator i; .

2. The generator‘of an infinitesimal time translationm, T (T is

the Hamiltonién in the particular representation discusséd).

3. The generators of infinitesimal rotations about the three co-

ordinate axes » the angular momeﬁtum operator ? .
4. The generatdrs-of infinitesimal Lorentz transformations along

. -
the three coordinate axes, the center-of-energy operator (G .

The ten bperators satisfy the following commutation relations:
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(?:’ ?ﬂ_: 0 ’ (98a)
L, Tl.=0 , (98b)
W12t €iin Oy, - (98¢c)
3,3 \L=icgrdn, (984)
[Sés Tl.=o, (98e)
L%, 63)= Sc; T, (93?)

LT Gc =P, | - (98g)

. ‘3{, Gj ]5 1€ijk GOur, (98h)

Y,(;;,gﬂ_: _\'eféh&; . o (981)

These infiﬁitesimgl generators are the quantum mechanical operators cor-
responding to the conserved classical quantities and thgir expectation

values are constants in time as will be discussed below.

In the Foldy representation (12) the infinitesimal generators are
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-0l
]
ol
1}
..
al

(99a)
~.-T:=1 w
’ o W (99b)
J=Xx% 4+ S,

(99¢)

pd i -‘ -o] '*-P‘ * -6“3 |

== RXWOBL+WEAR | - ¢

G=rlXwe +w@Ei - aw ¢ - (994)

Denoting any of these by LQ s the Foldy wave equation, Equation 13, is

left invariant under the transformation

Q= Q' = (1 +i SLgY Py, (100)

| where S is the infinitesimal displacement corresponding to \-Q .
It was noted previously thgt the functions defined by Equation 25
and 26 are a set of Foldy wave functions. This is true because they
satisfy Equation 13, the Eoldy wave equation, and because they have the
Foldy representation of the infinitesimal generators, Equations 99a to 99d.
To see that the laétéf statement is true it is.only necessary to calculate
the.transformation properties of 4?00 from the known properties of 6200,
the spinor function. The infinitesimal generétors of.the spinor represen-

tation are
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P=¥, (101a)
T=v \'\)
(101b)
. ™ -3 - - :
JI=XxP +S, (101c)
-P .- . - —p
G=ix W “*-? oy, (101d)

where {E is assumed to be a scalar with reépéct to space and time dis-
placements. From these generators and the relation between operators in

the spinor representation, \ji ’ and operators in the Foldy representa-

tion, LQ s
-% -t |
Lg=w FlgF w?, (102)

it is found that d?hﬂ ‘as given in Equation 26 has the infinitesimal

generators, Equations 99a to 99d.

B. Integrals of the Motion in Terms of Foldy Wave Functions

Because the integrals have a simple form it is useful to first dis-

cuss the integrals of the motion in-terms of the Foldy wave functions.

For every transformation
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Xu= Xm(xy t?'= Q'(Q) N (103)

that leaves the form of the Foldy wave equation unchanged there is a

conserved quantity
- ]
LD> = gdx ¢ p Vg R, (104a)
3;407?0. - aow)

In particular for the infinitesimal transformations of Equations 99a to

99d, the conserved quantities are

(P>={& Q' ang, (1058)
{P4>= ':S& w9, (105b) |
3>=(& @'z 4+ 819, (105¢)

LC>= S& Q“@g_%ﬁ? we+waX]-3% 4 “3}:5@\@ . (105d)
Wi

The quantity <?M> » the 4-momentum, written in terms of the expansion

coefficients is
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ye (48 - ) \2
(Re>=§ < C_é_‘w,: POAGRLY, (106a)
= (¥ ¢ g :
(Pyy=§E sém.:.E VAN (106b)

From the transformation propérties of the Aa » Equations 45, 50, 64 and

65, it is seen that Ai‘ﬁu) is a 4-vector, regular by space reflection

and pseudo by time reflection as required for the energy-momentum.

The tensor env can be constructed from 46&) -and <Sh> by

the definitions

Oii= €ur (Ied,

(107a)
Oiq=-O4i = L6id>, (107b)
Oas = O - (107¢)

With respect to continuous Lorentz transformations, QMV is a second-

rank temsor. The proof of this is given in Appendix IV as part of a

discussion of the tensor prqperties of covariantly defined operators.

With respect to the space reﬂection, Equation 51la,

| (3:.)' = {3,

(108a)
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L6y =460

(108b)

and with respect to the time reflection, Equation 51b,
| - |
LT =3, (109a)

L6 =¢6id, | (10

so that e;.w is regular with respect to the space reflection and

pseudo with respect to the time reflection.

If D 1is the identity transformation, onme gets the quantity
- »
Q=& 8" n0o

se (& 2
e )¢ &R, (110)

where € is the positronic charge. This integral, CQ , 18 the charge>
for the field. It transforms }ike a scalar with respect to continuous
Lorentz transformations and time reflections and i§ pseudoscﬁlar with
respéct to space reflections. Also it is seen from Equation 63 that
changes sign under charge conjugation.

The quantity,



N= (gt @

'-S“ 2 \A® 2

6\“‘ e\w‘
(111)

is to be interpreted as the number of particles. It is a constant in

time and a scalar for both the continuous Lorentz transformations and

the reflections. For a Fermi particle N must be normalized to unity.
C. Integrals of the Motion in Terms of Spinors

The discussion of the integrals of the motion can also be made in
terms of the spinor functions ’f(x) . From Equation 25, the relation

between Q and T , it is found that

LD)- ‘M-S&TWF F 5y D,i'i' . (112)
\H\ v

where H/IH'\ is the laboratory system sign operator fdr arbitrary spin .
as discussed in Chapter III. The connection between D& and Bq for

arbitrary spin is
-3 - *
b{: w F Dq F w?, (__113)

The integrals of the motion for spin zero, spin one-half, and spin

one will be discussed as examples.
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1. Spin zero integrals

For the case of spin zero, ECP): \

(DY = Sé‘x 'f“w(‘s D3z P, (114)

where

D¢ = w*Dg Wt

. S s)
o o

)
)

Equation 114 must be connected to the usual invariant integral, p o s
appropriate for scalar solutions of the Klein-Gordon equation. To show

the connection,one starts with 1 , as follows. For two solutions ¢| ’

¢z of the 'Klein-Gordon equation, the invariant integral is

- Cax < _6“
L= (&3 - Q)

&6_;\ (LQ\‘\ a‘%‘\ﬁ -4

(116)

t.\.
where in the last equation the Hermitian operators W % have been in-

serted. The Foldy wave function C?f, is related to the solution of the

Klein-Gordon equation ¢|: by
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L
-twz ¢,
R R R
w v (117)

t

thus,

1= S& Q\“ ¢ Q* . (118)

For spin zéro @ and "Y are related by
A
Ji=w? &:
-

Tl W

_ (Q\L) - | (119)
@

i

" 80 that ,{i and ¢|’. are identical up to a phase factor € . From
Equations 118 and 119 the invariant intégral is then

T= (& ‘f\“‘u(‘*’i’; . . (120)

With the identifications ’2;'-3 Do‘f ‘f and ’f}"i it is seen
that L =4 DD



47

2. Spin onme-half integrals

The spin one-half operator ‘ESF) is given by Equation 72. Direct
$ .

calculation shows that

—\“ -l
E;_(P) \;@) = ."‘3 ) (121)
and
TN I |
(D7 -"gd* e et (122)
W 2

where

Q""’;%F D?E-'i T (123)

z‘i’ = 1 29 we , .

From Equations 71 and 76 it is seen that

(124)

qyf = E;;;; E&? SSFM) )

that is :k? are the Foldy-Wouthuysen transforms of the Dirac theory in-
®

variant integral since

.4

4

(%)%/\g" R

-t :



48
are the Dirac theory laboratory system wave functions.

3. Spin one integrals

-\
Equation 91 gives the spin one operator F‘ and from it one finds

that

vy D 2,2
R OE = \-2030 (126)
Perw

Substituting in Equatioﬁ 112 it is found that

{Oy= Séi ' w{‘_ up*q): } b De T . (127)

In the same way the integrals of the motion for arbitrary spin can
be constructed from the displacement operators Df and the spinor

functions ,f .
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V. MASSLESS LIMIT OF THE THEORY

A. Massless Limit of the Spinors

A
To discuss the massless limit the polarization direction <&
A
chosen, for simplicity, to be in the (3

is

direction. With this choice
the laboratory system spinor . function IY(*) as given in Equation 24
becomes

-~

L(P-X-€Ey)
aP (P) /\Cev)‘\"@) (128)
E é\u“ .
From Equations 22a and 23a it is seen that
® 33
- oamxown(/e) €X¥s B.S
(129)
NCep) = ,

and from Equations l4a and 1l4b that

= A - ' - (130)
<. v*\’ Pl =¢ m YR .
@, e,
Since '65 and g ‘ -

commute it is then true that
-Mp 55_%’
oA :
NG T

= e
A \\‘\*

(131)
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where the exponential on the right is a polynomial in —XS My of the

same degree and with the same coefficients as the polynomial form of

NCER) . Now

e“‘A.MMh Y

U (W V0L o
e -
B =Wy ouckown
O c

(132)

If WA is an integer, say WaT¥wn where W is positive,

NZ2I0)4)2; < «=--3 A then

-Ma¥s0rctonh B | ©

e = snouckown e

(133)
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Since
P _E
Cae gackown [€ % A (134a)
S oackown e =
(134b)
7n Xs ondionh P (Exp )"
. ' ™ o
c =
E_ow
o (%7%)
= w
0. ' (E: ?)“ - (135)

Similarly if Ma is a half-integer say ™MATYE 4 where R=1)2,

3,---)2A and R positive, then

[“""‘*M"‘“‘ & Sk oatan 217 o )

-‘t-%"gOMM-S
e | = ‘ | B L
| .- | (136)
O)‘-“‘“%Wg ¥M‘}_‘M«M%] J



and
_ (Ewm\3
CM*;_W‘};- (-;;) ) (137a)
ol P _[(E-m\& (137b)
Avda + oackomh (3 (_-;;;')21. |
Thus

'
N|F

‘.(E*")‘-ﬁ- E- ‘M)"zlh. -
' E+wm\? 3
‘(( ) T "] } (138)
From Equations 135 and 138 it is therefore easy to see that

-w, XS oackewh Ve
JQAN“ ﬂﬂ e

i =0 - (139)
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unless WAp =¥ A . This means that only the polarization directions
with and against the momentum remain in Ii(") in the massless limit.
One also sees from Equations 135 and 138 that in the massless limit

only the matrix element with the <+ sign contributes, so

-A¥S onckown & A
. , : 2" o
L WA _ (140a)
w0 < - )
O o
and
. . i
4 Bs onckamn £ ° o
) A ]
v wh e = | A (140b)
W20 o (%)

Thus the spinor function "’f(” becomes

A-- % A ." (-P.'-X'-Gst‘
. : - ) o
RN ‘Ym = é-‘b SS‘P PA' ‘A(i\ q&)fﬁ(}) A)\le , (141)
o

™M-0 (™ & e

[\ g

This spinor has A% (2A41) components and is therefore the sﬁiﬁ
generalization of the four-component ﬁeutrino theory. To reduce the |
number of components to SA¥ . for paﬁty nonconserving theories, one
invokes the criterion that only the part of & which transforms like

a lower-dotted spinor, that is the upper A%\ components, shall be
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kept. Note that this is equivalent to the chirality condition

C1=%) g . | (142)
—— %=1
With this condition Equation 141 becomes

A\

N I VBR-Y | BRaeyy
P =G (Al caue s a4

. A..)"
where A+S Ava and A-= A4 . This spinor is Q % times

the massless particle spinor discussed by Hammer and Good (16).

For spin one-half, Equation 143 is the two-component neutrino
spinor and for spin one is \FZ‘ times the three-component photon
spinor, as discussed in detail by Good (22).

This proce&ure for taking the massless limit is especially interest-
ing because it shows that massless particles can be built by a continuous

process from massive particles.
B. Massless Limit of Integrals of the Motion

One requires that the integrals of the motion {©) as given by
Equation 112 reduce to the massless particle theory integrals of the
motion when the limit W-9 0 is taken.

Consider the various quantities in { Q) .,
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Surm F = Aﬁ\i@ ‘ (144)

m=20

—-—

where ,i is the massless spinor of Hammer and Good. Also

-2 A%

. -8 - (145)
D & F‘ =t - P
Wm0 M4~ F ’i 2#":‘. T‘ ’
SO
v (146)

=~ W - TH -2An)
D> = dwi (py = (& B¢ & By &

where »III'H and -D.& are the massless limits of %ﬂl and D&
respectively. The explicit forms of 6& and -‘%m -are found by
setting the mass equal to zero in the formulas with mass and remembering
t;hat the operators are operating on the functions u{i) . It was

found by Hammer and Good (16) that the functionms % defined by

L » A-%

T=9p"9

i
£
D

(147)
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are useful for writing the integrals of the motion L—D> . As can be

seen from Equation 143,

& L(®X-p) T 2% < VRN
czu)’/zg—; LAruse  + Au,e 1.

Substituting Equation 147 into Equation 146 one gets

— - =N - -y
(D>= Y& § L, K g v g

P wm

-0 o _
= (& & '\%\\ e S, (149)
whére

Dg = 1% b,t\u\ T

C. Massless Limit of Integrals of the Motion as a Double Integral on

Coordinates

It has been shown by Good (22) that the integrals of the motion for
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the photon may be written as a certain type of double integral involving
the spinors and the displacement operators of the corresponding trans-
formations. The purpose of this section is to write the integrals of the
motion for arbitrary spin in the form of a double integral on the coordin-
ates so that the spin one specialization of the massless limit is the
photon double integral.

The solution of the differential equation

2 - -
(M*-v2) CR) = §¢) (151)
with the boundary condition G0 as \X\=m where S('i\ is the

Dirac deltq function, is

-mix)

G&)y= :mi! : | o (152)

The function G0.0 is the Yukawa potential for M$¥ @ and the Coulomb
potential for w=0@ . Equation 112 for {D? may be rewritten as a

double integral by inserting the delta funétion as defined by Equation 151.

Thus,
- - exd -1 W - " i
Loy = \& (& ;5—?- F Y F(B) B () (-\“T“ Dg 'fm)
-M l':?-%l ' ' (153)

w(m2-95) e
40 \X =Y
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By a partial integration on X discarding the surface terms, one gets

®>+ % Sﬁ(‘g&g Fog Fl Pog

" .JMGF%\

. | 154
e (v 2 Dg P (134
wlx'-il

Since %‘ D& ? is a laboratory system wave function, one can
replace M- Vx?' by \H(x)\" . In the massless limit, Equation 154

becomes

- u -
— - -y { =9 "’1“ —
5> = %9 (\;‘ﬁ-\’?‘f(a\)éf{-\l“‘ i Og T, as

By two partial integrations, again discarding surface terms, Equation 155

becomes

6- - L A —( | _-IA*_‘I; - -— (156)
<o> 4‘7&“&‘3l§—-—.‘%)\ M R Dg X -

For spin one this is

o0 =4 S&Sﬁ \-——-?_‘_;: R 6,1 ’fbm (157)

which is the double integral of Good (22).
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VI. CONNECTION WITH OTHER THEORIES
A. Spin Zero

The spin zero specialization of the arbitrary spin theory, as dis-
cussed in Chapter IV, is the usual Klein-Gordon theory in a two-component
Hamiltonian form. It was shown in Equation 119 that the spinor function

AE(X\ , which satisfies the wave equation

wp B =i 3, ase

ro
and the Klein-Gordoﬁ function 49 are equal up to a phase factor. The
connection between the Klein-Gordon invariant integral and the integralg
of the motion in the spinor theory.has also been discussed.

| .The laboratory system Hamiltonian, (JJ(3 presented in this work is
different from the Hamiltonian discussed by Taketani and Sakata (105.
They presented a Hamiltonian theory of spin zero and'spin one by rewrit-
ing the Klein-Gordon and Proca equations in a Hamiltonian form. Their

theory has the equations

“*\::C%’% ‘ (159a)

where

1 - o 3
“'—'-G.'\l,‘.“‘\* —z—::‘l'\'l-m‘%-(‘k—-}]‘ (159b)
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and
P=-i¥. - (159¢)

Here U1, Tz , 0 are a set of 3xd  Pauli matrices and A are
the spin matrices for spin zero and spin one. For spin zero the .X- are
zero. To make a physical interpretation of the theory by constiruct:ing a
current and density from Equations 159a and 159b, it is necessary to define

the expectation of an operator @) by

(160)

0r={¥smowr &,

so that 3 is the metric (indefinite). The total charge Q de-

scribed by the wave function N is

Q=e N ma K. | as)

Note that although the metric is the same in the Taketani-Sakata theory
as in the spinor theory, the interpretétion is different. .In the spinor
theory, (‘5 = ()'3 is the sign operator whereas in the Taketani-Sakata
theory, it is not. | |

The Taketani-Sakata theory has been transformed to the Foldy repre-

sentation by Case (11) with the operator
LiG:0
U=e , (162)
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where © 1is defined by the operator equation

Pr _ (A (163)
e=-OAdm\l-["'“ = ] )
so that
: -y
Hew= Pw= U XU, (164)

B. Spin One-Half

The spin one-half specialization of the arbitrary spin theory is the
Dirac theory as previously discussed in Chapter IV, Equations 121 through
125. The massless limit of the theory is the four-component neutrino.
‘Application of the chirality condition, Equation 142, reduces the mass-

less theory to the two-componeﬁt neutrino.
C. Spin One

The usual theory for particles with spin one and mass is the Proca

theory which has the field equations

' .
(BX»BX,. W )A' =0 (165a)

P = '
6X~A“ o, v (1659)
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where A\AA is a four-vector. The field equations can be written in the

Foldy representation in the following way (following Foldy (12) ).

é_%i == E; *é%‘-i%“Eg , | (166a)

%E{c___ Al ¥ g“%“»\* ;Si;‘,_%'x;”“ ) (166b)
vhere

B = i.?,‘“ Aq - ?MM . (166¢)

With the further definition

a2 93 _c. 3
Dis = damiax 84 axnaiin L (167a)
and the property
‘ %Ls 13“. = (N*n\z(w-nﬂz SCh ' (167b)

Equations 166a and 166b can be rewritten as

AL _ , '
2 - -%wwq&a rERd 16, (168a)
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dE¢ _ . - :
i g_-\i{m’-uo'-]gc(\ +‘i_%q]§ Aa . (168b)

Making the identifications

U = Gw \; ‘.(‘U‘\'V"\gta + 3 5 1Aé (169a)
oW ’ |
and
Uu ™m
the function
[ U
W
(170)
Q Vi

is the Fbldy wave function for spin one satisfying Equation 13. The

relation between Q and the ~spinor' function ’B for spin one is
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iy .
Rar= mw * A Qo , (L71)

=2 -
where /\.‘-X\ is given by Equation 77 with P replaced by -\ ¥

and € by ?o/ %l .
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VII. SUMMARY AND POSSIBLE EXTENSIONS
A. Summary

The theory presented in this thesis is a C- number theory for a
single particle with mass W and arbitrary spin A. .

The starting point of the theory is that all particles with.mass
have a.unique rest system. In this rest system the differential equations
describing the time development of the particle are greatly simplified.
To get a complete set of rest system states, one takes the eigenfunctions
. of the rest system polarization operator which commutes with the rest
system energy operator. The rest system eigenstates are then specified
by the sign of the energy and the préjection of the spin.

‘To construct the theory in the laboratory system, one assumes that
the functions are symmetric spinors and applies the Lorentz transformation
rules. That the functions are indeed spinors is demonstrated by the suc-
cessful proofs of covafiance.

As discussed in Chapter III, the laboratory system Hamiltonians
analogous to‘the spin one-half Hamiltonian can be calculated, in princi-
ple, for all spins. This is made possible by the extension of the notion
of the Foldy-Wouthuysen transformation as the Lorentz transformation out
of the rest systeﬁ to arbitrary spin. As'well as the Hamiltonian, the
laboratory system values of other interesting operaﬁﬁrs, such as the
polarization operator, can be calculated.

In addition, the theory provides the plane wavé solutions of the

laboratory system wave equation as well as the transformafion properties
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of the solutions with respect to the inhomogeneous proper Lorentz group,
the reflections, and charge conjugation.

The massless limit of the arbitrary spin theory (including the
chirality condition) is the (2.4%\)~- component spinor theory of Hammer
and Good (16). This theory contains the two-component neutrino and the
photon as well as all higher spins. 1In connection with the massless limit
it was found possible to write the integrals of the motion, for arbitrary
spin, as a double iﬁtegral on coordinates of the spinors and displacemént
operators, the spin one specialization being the double‘integral for the

photon discussed by Good (22).

B. Possible Extensions

1. Interactions

The theory presented in this thesis has provided the laboratory
Hamiltonians.appropriate for discussing all épins. For spin one this
Hamiltonian is different from the Taketaﬁi-Sakata Hamiltonian, andlit is'
possible that the form of interactions in this theory will differ from
the interactions proposed for other theories.' If such is the case, an

experimental teét may be possible for the form of spin one interactioms.

2. Second guantizétion

This theory is a single partiéle.theory and as such is subject to'
the usual limitations of such theories. The Hamiltonian has negative as
well as positive energy eigenvalues, and also the theory does not allow
for the creation and destruction of particles in reactions. Therefore,

to get a correct physical interpretation it is necessary to quantize the
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theory. The quantization will be easily madé because the spinor function

JﬂE(x) is already expanded in a set of single particle functions. Thus
a complete Qy-number theory can be constructed. Since all spins are treat-
ed the same, if will be interesting to see if the connection between the
spin and statistics of the particles parallels that of the massless parti-
cles of Hammer and Good (23).

Guessing interactions is also important here in the Q- number

theories. Itywill be especially interesting to find the interaction be-

tween Dirac particles and the spin one meson.
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VIII. APPENDIX I: TWO THEOREMS ABOUT LORENTZ TRANSFORMATION MATRICES

In this appendix two theorems used in the proofs of covariance in

Chapter II will be proved.
The first theorem, cited in Equation 38, is that

(172)
€ aie  =lbag,

where \DCS is the rotation matrix given in Equation 31lb. The theorem
is true for spin one-half. This can be seen by expanding the exponentials

and multiplying the matrices together

_1-‘3-§ b:c'g
2 T N . A
e Ui e =lep-itTami]olingsiRTamt]

(173)

Using the properties
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NAYEE Sc& + L€ijR O,

(174a)
and -
GN}+QQ=3&b (174b)
the above equation can be simplified to give
e Spe T TG T o+ €R S Te A
* Ty ACAQ-A.(\‘(MT)
(175)

The theorem is then true for all spins by application of another theorem

of ﬁausdorff (18):

-A A

X 176
€ Be =8+ 18 i‘;[l&h].»ﬂ.*‘“' . e

In the evaluation of the right hand side of Equation 176, only the commu-
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tation relations of the operators are needed and they are the same for
all spins. Therefore, Equation 172 is true for all spins.

The second theorem to be proved, Equation 47, is that

i%. i%r-S

- - (177)-.
e AGP) = N\eMe .

-

«np
where It is given by Equation 30, and Tg is a pure rotation parameter
to be determined. To prove Equation 177, it is convenient to rewrite it

as

i% S -
‘? - VT (178)
e = N&Bhe NG ~

This equation is true for spin one-half. This can be seen by expanding

the exponentials on the right:

ii:k’g ‘ -l A
e = [E4m-2ePa] (v AR JT MY

¥ )LE rw +L$‘a-\ (179)
2
[ 2m(E' w2

(2w (ErwId%

Substituting for €' and B' according to Equations 28a to 28d, the

final result is
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1 ‘\%f\-éxv-ﬁ}

\f(%r\)(% -\-\\ Qb+l
+ LEGR iy S vg Y

zm‘((el ‘X_. 1.,) (180)

From Appendix II, one sees that

-—p

g . (181)
c ='VCAQ--'!2‘E 4 i"CR'WMn%,R R
so
T | |
c«.lﬂ.-—:f'——é— {_E_ +\_G“V§ ;. (182a) |
L NEWE "‘) w(¥H) J- |

and
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| \fz\ ¥ PV — )
PO S N rywyr E AR
2m|(Ev1 (Faw)

both coefficients being real.

The axis of the rotation is

?

A R as)

Equation 48 is found from 182a and 182b. Also as can be verified ex-

plicitly

, m"g‘%  Amtte -, : ' (184)
<

Hence the theorem is true for spin one-half. It is then true for all

spins by appeal to Equation 35, the first of Hausdorff's theoreﬁs.
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" IX. APPENDIX II: POLYNOMIAL FORM OF THE LORENTZ
TRANSFORMATION MATRIX

LY
The purpose of this appendix is to show that € can be

-
written as a polynomial in M. A for arbitrary spin. This can be proved

A
in the following way. Choose ;C‘ in the Xy direction so that

i% {TAS
e = e . | (185)
For spin A ,
A
A=t 0‘
A= 186
Ays : . | (186)
O. = C A=)
 =A
Expanding the exéonenti.al gives
A n
A=\
VAL ® .9
= \ < -3 -"—T—) "
< w=y al ~
(o) «C(A-Y)
A
A" N |
o (A1) 0 (187)
=\ + 2 ..--ﬂ K ’
w=a G-
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This equation can be rewritten in terms of trigonometric functions. If

L is an integer, Equation 187 is

(coatsincar o \
A=t
Y.C«eﬂ.'t-»; M‘c]
A ‘.
e - \ 1
* =(A=1)
O Ccortpimmnn]
l et +iAmX iA' |

.Y
= Lt tiame] 1,

A |
* leonrvianr] I, 4----

. _ | a
+ Y.M'\H-iM«Q—]I,‘ “'Io + tmT*LMTl I-‘.‘,....

+ (cnt vt

-CA-1)

*lemvsimnnxl T, . (89)
(A1) ' ~A

If A 1is a half integer, Equation 187 can be written
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SA.
/[M:' > \M'K.\ \
. a(‘-ﬂ
Ty | 1‘“-'3,: visdg 1 o
e = \
~2(A=1)
‘.M'g vt ]
\ o) . R “In
V.C—e‘-ﬁ;.- -\-\M’Itl
A=) -

LMT—MM’!&].\. * Ll “M..g_] 1‘1 wooo

+ ey +tM~'J'-] Ls. +Y.6n-1+\,omtc]1 AR

=LA -“2A (189)
o+ \cm.':. rimh X 1_( o ln T imix] L
- A.‘ -

The matrices .\.N‘ are a complete set of diagonal matrices for spin

They have the form
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\ o

I ) °° (o) \0 )

A_ “ A} I -y = ‘\ y °°

() Q o 0
° (@)
\‘ O “ O

-un; ‘ v L = 0 ’
o 0\ -A o) 0\

(190)

The matrices INA,. -can be written in terms of powers of &3 accord-

ing to

- \f (Az+wm)

" MMy (Mosmg) )

(191)

There are OSA. terms in the product so the set WAV .- - ...,A?: is
also a complete set of diagonai matri.ces for spin A . Consequently
et’tA" can be written as a polynomial in A3 of degree A4 .
For an_arbitrary ’? direction, one replaces A4y by % X. so that
ct/?'A can be written as a polynomial in %Z of degree 3A. .

So far _A, a half-integer
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e = 2 lwerijamgy] ¥ LE4 *™ 0
W=~ WobWA, (Wy 4w )
For example, for A_:"i
VXA \
e =wmi saiflaxx (193)
<
For j&:.% s
iRA -
= - : -3 - Lo .
< TiaEe @AP 4 2t WL - ek ] (REV
. : x L -3 'A. - -
‘\'L‘_Wz-b 3,&,“ %lﬁcA " }{“"% »_.\i 6&31
‘ E
(194)

Similarly if A 1is an integer

A A - ("%'Z rmg)
o = & Tuer+iain]” Tl 2,
T omgzea MM (M s wy ) (195)
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For spin one, this is

i |
e = (-1 )RR 3‘+1A-%’EA AR

-~}
b

i
In general to calculate € for a given spin, one uses the bi-

nomial expansion to calculate (Cea % 4 M&\T)NA' or

(.C'O‘-'!i i AAm '_E)z“" . The binomial theorem is

w v\-é Y |
caewY' = 2 (Do (i)’ 37
d=0 |
where ( i and W is an integer.

3T (v\-d)\

A
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X. APPENDIX III: CHARGE CONJUGATION MATRIX

In this appendix the choice of the phase in the charge conjugation

matrix C , Equation 56, is discussed.

Suppose
O u '
= 'S
C (:‘ 4 o ) ) (198)
where
U=u, (199a)
(W=t :
u "u 1Y
' _ (199)
and u"= h for bosons/fermions.

The charge conjugate N of 4  is defined by

(200)

P = (c.'ﬂc- -

What is "\’ » the charge conjugate of the charge conjugate of "’ ?

= TeF1° = (e CCAE1S

aall

(-3

Cc¥. (201)
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So

(202)

It is reasonable to require that "\'

differ from N by at most an over-
all phase factor, so. the choice

Y R -
must be made. That is,
S= 0,2W, =2l . ... | (204)

—

It is also required of C_ that

C.(!’C."=-(5- © (205)
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This means that

- (206)
e =-1,
since
v
CPC =e » (207)
from the previous argument. So
' ~ : (208)
S=zxm,x3@, - .
i
The conclusion is that the phase factor @ in C 1is completely
determined within a multiple of 2 as S:'\T . A result is .that
T - -0 (209)
Y=z»
for bosons/fermions.
A further condition to be imposed on C is that
(210)

CAC'= N,

where N\ 1is the spinor Lorentz transformation matrix. This condition
comes from the requirement that q; transform like & with respect to

Lorentz transformation. . The result of this condition is the requirement
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that

(211)
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XI. APPENDIX IV: TENSOR PROPERTIES OF OPERATORS

The purpose of this appendix is to discuss the tensor properties of
covariantly defined operators. This discussion is pertinent to Chapter
IV, Sections A and B. The proofs given in tﬁis appendix are due to C. L.
Hammer as given in a course in advanced quantum mechanics at Iowa State
University, 1962-1963.

The main theorem to be proved is the following. A necessary and
sufficient condition that covariantly defined operators Om have the

proper tensor properties under the pure, continuous transformation

_ LT
| Yoize Yo, (212a)
X'=Ax, - (212b)
is that
AT A Ol =a @Q\ | (213)
where < is the displacement, A is the displa;cement operator, and

"a" ig the infinitesimal transformation of a tensor of the same rank as
GC"\ for the transformation A. By pure transformation is meant rota-
tion, pure Lorentz transformation, and translation. A corollary to the

theorem is that a necessary and sufficient condition for studying the con-
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tinuous transformation of an operator S is a study of the infinitesimal
transformations of the operator S .
Proof of necessity:

Given Equations 212a, 212b and

' .
= &X' ‘ (214a)
( SZ"P“" 36’\ ‘1’ (") Q‘:?..B L\) (Kl) ’ a
o~ o W
LQ%‘N"‘ = W q%ﬁ-"‘ Yoo (214b)

Substituting for "\"(x\ gives
8 (& Yoo O
>°((b-"'6 = \dr T (x) _d‘i‘\.‘._u N ()
'Y [ 2

o ) i S
=\ O
W& Hoa (e *0'3'3(6 )

(215)

Comparing to Equation 214b shows that if (9(:) is to be a tensor,

e ) Q) e =a«iaps- - Gygr G,

(-3 Ly Yy (216)



85

so that

(GZ‘@_"‘ = Qas Qpr - Qyr <®>Sw.__ .. (217)
(¢
Expanding @ and QG\S in Equation 216 gives
L= ixar] Ow St iTal = 188 Snc- Sav
. Ay - .
+&as SQU"-' g’sv + 'Cgc\% 2(50---8’6"‘\"‘
T
(218)
where
Aag = Saf +X £as (219a)

QA g

fas= (5% r=o - (219)
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The quantities faS are called structure constants. In general X
will be more than one parameter. In this event it is understood that

the index specifying this is suppressed. Collecting terms gives

1(_@‘5;1__"( A= xS X QS“---‘:] = & {g«s Spe— an-’-

+ Sag--- Exv ) Qun

aee ¥ (220)

or
i‘.@m X =- MO )= a.Ow . (221)

Since T is either real or imaginary for pure transformations,

AC‘:‘!‘.'"C » 8o that

19222 0]=a.6. @

Note that if 7 is real/imaginary and » is hermitian/antihermitian
the above bracket reduces to a commutator. The proof of sufficiency takes
several steps and will not be shown here.

This theorem may be applied to the operators of the Foldy represen-
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tation since all the conditions are met:
| w_ T
1. For pure rotations T is real and A= N'= 3:9 . Therefore

a covariant operator is a tensor under rotations if

3 o100 a

Thus for tensors up to rank two

Scalars [3; ) G]_ = 0O, (224a)
Vectors ‘.TC y @ﬂ_ = L€ ;\\?- 9". , o (224b)
Rank 2A‘ ‘-.KHG'Q‘«.X} i{ei&nglw\

(224¢)

2. The rules for pure Lorentz transformations come from the facts

) -
that T 1is pure imaginary and A=- 1“ =Gg . They give
Scalars {6:,01.= 0, (225a)
4-vectors ‘_Cm‘; @“L: . gih @* ’ (225b)

16,0417 60, - (225¢)

Tensors  (Gi,00k) = ({5ieOja + 5 Oau}, @B
Y.Ga,@;d_s -0 i §ij Oaa, (225
(61,0441 2-i (Gi¢ + Oui). (225¢)



88

The tensor GE&AV' defined by Equations 107a to 107c satisfies these
rules and thus is a second rank tensor with respect to continuous Lorentz

transformations.
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PART TWO

PHOTOPRODUCTION

OF Tml 73



89b
XII. INTRODUCTION

In the course of a survey at this Laboratory of the radioactive

species produced by synchrotron irradiation of ytterbium, an activity

identified as Tm173 has been produced. Since Tm173 had not been observed

prior to this time, an investigation of the nuclear properties was begun.

During this investigation Kuroyanagi, et al. (24) reported the production

173 by internal bombardment of Yb in the Tohoku University betatron.

They found a half-life of 7.2 + 0.5 hours for Tm'’>, a beta-ray with end-

of Tm

point 0.9 + 0.05 Mev, and two gamma rays with energies 400 and 470 kev.

Since Tm169 is the only stable thulium isotope, Tm173 is expected to

decay by negatron emission to excited states of Yb173. Considerable work

has recently been done on the energy levels of Yb173 (25, 26, 27) with
levels fouhd at 78.7, 179.5, 351.2, and 636.8 Kev above the ground state.

All of the above levels have been observed by following the electron-

173

capture decay of Lu” ~. The two lowest levels have also been observed by

coulomb exéi;ation (28, 29). Spins and parities of the levels and multi-

polarities of the gamma ray transitions have been assigned. .

173

The Tm nucleus is expected to have a ground state spin of one-half

like the other odd-A thulium isotopes and hence to decéy to low-spin states

173 which cannot be reached in the decay of Lu173. To investigate -

these energy levels Tm173 has been produced by synchrotron irradiation of

174

of Yb

Yb inside the donut of the Iowa State University synchrotron. This

reaction yields low intensities of Tm173.
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XIII. EXPERIMENTAL

A. Preéaration of Sources

Sources of Tm173 were prepared by bombarding enriched ytterbium

oxide in thé Iowa State University electron synchfotron. The enriched
ytterbium, supplied by Oak Ridge National Laboratory, contained the

following proportions of the various stable ytterbium isotopes:

Isotope : Enriched % Natural %
Yb}gg 0.01 0.14
Yb171 3.03 0.03
Yb172 0.13 14.31
Yb173 0.33 21.82
Yb174 0.78 16.13
Yb176' 98.4 31.84
Yb 0.36 12.73

Samples of ytterbium oxide weighing 80 mg were irradiated. They were
contained in a stainless-steel cylinder 7/16=-in. long, 1/4 in. o.d., and
1/8 in. i.d. Thé samplg holder was taped to a synthane rod and inserted
by means of an internal probe into the donut of the synchrotron. This"
allowed much higher fluxes in the sample than éould be obtained with con-
ventional external bombardment. ' The synchrotrbn was operated at a maximum
energy of 45 Mev for all the irradiation. After irradiation the samples
were removed from the irradiation container and placed in.plexiglﬁsﬁ

holders for counting.

B. Half Life

The half-life of Tm''> was determined by following both the (b  de-

cay and the decay of the associated gammarays. For the Gr counting
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a Los Alamos Sugarman proportional counting tube with a 1.8 mg/cm2
aluminized Mylar window was used to detect the particles; the cdunting
gas was methane. The output from‘the‘counting tube was fed into a
Nuclear-Chicago Model 186 P scaler. fhe counting rate of a Sr90 -Y90
source was used to normalize the counting data.

The decay of the gamma-rays was followed with a cylindric#l 2" x 2"

Harshaw NaI(Tl) crystal which was connected to ;lNuclear-Chicago Model .

1820 recording spectrometer and a Nuclear-Chicago Model 186P scaler.
C. Scintillation Spectroscopy

A block diagram of the circuitry used to obtain the gamma-ray spectra
taken in this investigation is shown in Figure 1. A cylindrical 2" x 2"
Harshaw NaI(T1) crystal optically coupled to a DuMont 6655 photomultiplier
tube was associated with a cathode followef, 1inear amplifier (a Baird
Associates Non-overloading Amplifier Mode1.215), power supply, single
chaﬁnel pulse height analyzer, and scaler to form a conveneional single
channel-.analyzer. This an#lyzer will be.referred to as the gating counter.

A cylindrical 3" x 3" Harshaw NaI(Tl)'crystal was coupled to a DuMont
6363 phofomultiplier tube associated with a cathode follower, power supply,
White follower, linear amplifier, single channel pulse height analyzer,
pulse delay stabilizer, and scaler to form a modified single channel
analyzer. This analyzer was operated in the integral mode during all
coincidence rums.

The White follower transmits pulsed éignals through long coaxial

transmission lines without attenuation or distortion. This circuit was



Figure 1. Block diagram of scintillation spectroscopy equipment
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a necessary part of the apparatus because of the relatively long lengths
of coaxial cable required to interconnect the circuit elements fed by the
three-inch detector.

The pulse delay stabilizer receives as an input all pulses being fed
into a single channel pulse height analyzer and produces a delayed output
pulse corresponding to each output pulse from the pulse height analyzer.
There is normally a random fluctuation in the length of time between in-
put and output pulses for a single channel pulse height anaiyzer, and for
an anglyzer operating in the integral mode, the size of the uncértainty in
time may approach the magnit;dé 6f the resolving time used with coincidence
circuits. The inclusion of the pulse delay stabilizer improves the pre-
cision of the'meaéurements by reducing fhe uncertainty in the transit
times of the signals being gnalyzed.

The multichannel analyzer used in this investigatioﬁ was a Radiation
Counter Labor#tories Model 20611 256-channel analyzer.

The coincidence circuit was designed to provide an outpﬁt pulse of
the proper size and shape to open the gate in the multichannel analyzer
when it received coincident pulses from the two single channel analyzers
at its two input terminals. As ;hé apparatus has been described so far,
these permissivg puises from the coincidgnce circuit would arrive at the
gate input several microseconds later than the pulse to be analyzed. A
time delay was introduced with the delay line, which was an Advanced
Electronics Type 2011 passive L-C network.

All of the items 6f equipmenf for which no manufacture: and model -

number were given were designed and constructed by the Electronics Shop
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of the Institute for Atomic Research at Iowa State University.
D. Calibration of Equipment

The modified single channel analyzer was set to pass all pulses
which entered it and did not need to be calibrated. If, for example,
'differential-differential coincidence operation was desired this analyzer
would be calibrated. |

The gating counfer was calibrated in the following manner. The White
follower was disconnected from the cathode follower of the three-inch
: crystal and connected to the output from the cathode follower of the two-
inch crystal. With the equipment connected in this way, pulses from the
two-inch crystal go throﬁgh both the gating counter and modified gingle
channel analyzer as well as directlf'into the multichannel analyzer
.through the delay line. Next, with the cqiqcidence circuit turned off,
the spectra of the sources of Tm173 (with which coincidence studies wefé
to be made) were accumulated on the multichannel analyzer. The spectrum
of a source of Yb175 wﬁich has strong gamma-rays at 53(Lu K-x ray), 114,
282, and 396 Kev was also accumulated to'calibrate the two-inch crystal
in terms of energy. Finally, the coincidence circuit was turﬁed on. Now
only those pulses which are allowed to pass by the gating counter are ob-
served on the multichannel analyzer. So the position of the gate was
observed directly on the multichannel analyzer.

It should be noted that when the equipment was connected as shown in

Figure 1, a load equivalent to the modified single channel analyzer was

connected to the output of the cathode follower of the two-inch crystal so
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that the position of the gate would not shift_from that found in the cali-
bration.

The three-inch crystal was calibrated for energy assignments by run-

175

ning the spectrum of the Yb source with the equipment connected as in

Figure 1 and the coincidence circuit off.

The operation of the coincidence circuit was checked by running

several coincidence experiments on Yb175. The results of these experi-

ments agreed with the decay scheme of Yb175 as shown in Strominger, et al.

(30).
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XIV. RESULTS

The ratio of the yield of the activity from the irradiation of
enriched ytterbium oxide (98.47% Yb174) to that from the natural oxide

(31.8% Yb174) was A~ 3 indicating that the activity is produced by a

photonuclear reaction on Yb174.

The activity is the major component produced in the irradiation of

Yb174. The activity decays by negatron emission indicating an excess of

neutrons. The nuclides Yb173, Yb172, Yb171, Tm171, Tm170, Er172, and

Er171 are either stable or have known decay characteristics different

from the activity produced from Yb174. Finally, the synchrotron was
operated at 45 Mev during all the irradiatiqns which rules out the prc-

duction of significant quantities of nuclides produced by many-particie

'reactions. The above facts indicate that the activity is Tm173.
The data on the half-life of Tm173 are not highly accurate due to
the low counting rates and the interference of Tm172 and Yb175. The

average of several determinations is 8.0 hours with an estimated error
of + 0.5 hours.

Aluminum absorption measurements gave a value of 1.0 + 0.1 Mev for -

173

the negatron end-point energy of the Tm decay.

The results of gamma-ray coincidence experiments on sources of Tm173

are shown in Figures 2-6. In each case the integral spectrum of Tm.173 is
shown for comparison. Figure 7 summarizes the results in a proposed decay .
scheme along with the previously known results from the decay of Lu173

(25, 26, 27) and coulomb excitation (28, 29). In Figure 2 is shown the

spectrum of gamma-rays in coincidence with events above 360 kev. As can -



Figure 2. Spectrum of coincidences with events above 360 kev.
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Figure 3. Spectrum of coincidences with evenﬁs above 35 kev.

is integral spectrum

----- is coincidence spectrum
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Figure 4.

Spectrum of coincidences with events above 75 kev.

is integral spectrum

----- is coincidence spectrum
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Figure 5. Spectrum of coincidences with the 230 kev. events

is integral spectrum

----- is coincidence spectrum
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Figure 6. Spectrum of coincidences with the 170 kev. events
is integral spectrum

----- is coincidence spectrum
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Figure 7. Energr levels of Yb173

Solid lines indicate previously known
levels-

Dashed lines indicate new levels
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be seen from the integral spectrum there is a weak peak at 460 + 10 kev.
There Are two possible interpretations of the 50 kev peak in the coin-
cidence spectrum. The 50 kev peak could be Yb K-x-rays from a highly
converted gamma-ray in coincidence with the 400 kev peak. The 50 kev
peak could also be a 50 kev gamma-ray in coincidence with the 400 peak.
The secoﬁd interpretation would indicate a level at 450 kev assuming that
the 400 kev gamma-ray is a transition from a level at 400 kev to the

ground state of Yb173. Since Tm173 has a ground state spin of 1/2, it

is expected.to decay to low-spin levels in Yb173. From the level diagrams
and data analysis of Mottelson and Nilsson (31) the lowest-lying low-spin
level is Y‘b173 is expected to be the ,(5211 1/2, 1/2-1level. The
analysis of Kuroyanagi, et al. (24) predictg that the first excited

state of this rotational band, the 3/2-state, should be higher in energy
bf 45 kev. So with the second interpretation the 400 and.460 + 10 kev
gamma-rays can be consistently interpreted as transition from the ‘;521 ]

1/2, 1/2- and 3/2- levels at 400 and 460 + 10 kev to the Yb''>

ground
state and the 50 kev coincidence gamma-ray as the transition between the
3/2- and 1/2- members of thé rotational band.

In Figure 3 is shown the spectrum obtained by gating on all photons
abbve 35 kev. The broad peak in the integral spectrum between 140 and
250 kev has split into two peaks at 170 and 230 kev. The 400 kev peak
also appears in the coincidence spectrum. In Figure 4 which shows the
" coincidences with photons above 75 kev, the 400 kev peak has disappeared

(except for chance coincidences). This agrees with the results shown in

Figure 2, that the 400 kev peak is in coincidence with a 50 kev peak.
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Figures 5 and 6 show that the 170 and 230 kev peaks are in coinci-
dence. ' This indicates that there is a level at 170 or 230 kev but the
pdsition of the level cannot be decided from the data. The interpreta-
tion of this level in terms of asymptotic quantum numbers is difficult.

In Figure 7 these results are summarized and interpreted as new
levels in Yb173 at 450, 400, and 170 or 230 kev. The assignment of the

173 was made by

asymptotic quantum numbers to the ground state of Tm
analogy to the other odd-A thulium isotopes. Figure 7 shows beta branches
to both the 400 and 450 kev levels but two beta rays with such close
energies could not be resolved by aluminum absorﬁtion measurements. It

is also p&ésible that the 170 or 230 kev leyel is populated directly from
the Tn'’> ground state. If the level is at 170 kev this would explain

the greater intensity of the 170 kev gamma-rays with respect to the 230
kev gamma-rays. One should note that none of the levels populated byl

173 73

Lu decay are populated by Tra™ decay because of the large spin change

that would be involved.
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XV. APPENDIX: ROTATIONAL MODEL OF THE RARE EARTH NUCLEI

The low lying energy levels of the rare earth nuclei aré successfully
explained with the rotational model proposed by Bohr and Mottelson (32,
33). The physical pictufe of the rotational model is an elliptically de-
formed nuclear shape wﬁich provides a non-spherical field in which the
individual nucleons move. If the frequency of rotation of the deformed
nucleus is slow compared with the frequency of individual particle motions
(called intrinsic motions), then the rotation will not disturb the nucleon
orbits in the distortgd potential well. So the nucleus will have intrin- -
sic levels generating rotational bands just like in molecules.

In the rotational model, the rotational eigenfunctions are the same
as those for a symmetric top D:K where -i. is the total angular
momentum and M and K are the projections of _T.. on the space

Z-axis and the axis of symmetry of the nucleus, respectively. Also
one denotes the_'q'.ntrirllsic angular momentum by ‘]1 and its component along
the body axis by f) . To make detailed calculations it is also neces-
sary to have the intrinsic wave functions. Nilsson (34) has carried out
the most detailed calculations, using as a model a single particle moving
outside on elliptically deformed core. For large deformations the intrin-
sic states may be approximately characterized by the so-called asymptotic
quantum numbers. N)N%,A. where NN is the total number of oscillation
quanta, Na the number of oscillator quanta along the symmetry axis,
and A the component of single-particle, orbital angular momentum along

the symmetry axis. In the literature, the quantum numbers of the asymp-

- T
totic states are usually written in the following order ,&N,N;,.A.‘] k1.
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For example, a state with (N=§ , Na=| » N2 > K= S)a » and negative
parity would be written sl s/a ,I- where I=x , K+ .
etc. Mottelson and Nilsson (31) have published level diagrams in which

they have designated the levels by the asymptotic quantum numbers.
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